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A nonlinear, autonomous system of order ( 2k 4 2) is perturbed by application
of damping which is analytic and sufficiently small in norm, The system we con-
sider resembles a Liapunov system [1], in a different sense however to that given
in [2]. The perturbed system is transformed in such a manner that the unperturbed
system transforms into a quasilinear, nonautonomous system of order 2k [3], If
the general solution to the unperturbed system is known, then the process of in-
tegration of the system of variational equations can be reduced, according to
Poincare [4], to quadratures and this is illustrated with the example of a plane
spring pendulum,

1, Transformation of the equations of motion, Consider a class of
Liapunov systems (see [1], Sect, 33) with damping, described by the following system
of equations;
Bufdr? - u—U(u,u, 01, 0y ¥y V1,0, V) = — 2eFo(u, v1,..., 7)) (1.1)
a2 fd1? 4 a1+ . GV — Vi @y, 01, ey Vs U100y U )=
=—2F (u,vn,..,v,) €>0,%x=1,..,4%
Here a dot denotes a derivative with respect to Tt ; @, = 8y %, = 1,...,k) are real con-
stants; U, V,,...,.Vy, Fo, Fy,...,Fyare real analytic functions; the expansions for Fy, F1,
---+Fi begin with the terms of at least first order and those for U, V,...,Vy with terms
of at least second order, We shall assume that the unperturbed system (1.1),i.e, (1.1)
in which & =0, admits a first integral which must be an analytic function of the variables
Uy U, V1y...s Vg, ¥1,..., ¥k and have the form [1]
H=u?4ud WO, vy 01,00 ) +
4 Sau, v, V1, Ty VL e v, ) =@ n >0 (1.2)
where W is a quadratic form and Sj is a set of terms of order not lower than the third,
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We shall assume that the work done by the selected forces of resistance Fg, Fy,..., Py
over any possible displacement, coinciding in the present case with one of the actual
displacements, is negative, In the simplest nonlinear case when Fj= F(»;) (f = 0.4,
sesk; v0" == u) this condition means that aF(a) > 0 (e 5= 0). In the linear case it means
that the dissipation is complete,

Making the Liapunov substitution

u ==pcosd, u ==psin @, v, = Pz,

v =P, >0 n=1,..k

under the condition

1

{——-1U (esin®, pcos &, pz) — 26Fo (p cos B, pzM)]sin & > 0 (1.3)
we can reduce the systern (1,1) and the first integral of the unperturbed system (1,2) to
the form dp/d® = A (U cos & — 2eFo cos §)
dz, jd6 = A(z,,  —p 12, U cos & 4 2ep~1 2 Fycos §) (1.4)
a2y, /40 = A(—a 21— ... =~ @,y 2, — P72, U cos &

4 pV, + 28p72zy, Fo cosO —2ep™1F ) (x=1,.., k)
(A= (1 — U sin ¢ -} 2ep~1F; sin 4)-1)
PU+W @ +pS0,p 0= (§=p35) s
Here z and 2 are vectors whose components are  zy, ..., %y and Zp,;. - 9k IESPECt =
ively,
The unperturbed system (1,4), i.e, with & = 0, can be reduced to a quasilinear, non=-
autonomous system of the order 2k using the integral (1, 5), Its solution can be found
using the methods of small parameter for sufficiently small values of p > 0 in (1, 5)[3L

2, Complete system of parametric variational equations and {ts
solution, Let us write the system (1, 4) in the vector form

dx/d® = £ (0, x; €) 2.1)

where x is a vector whose components are p, z,...,23x; f is a vector function containing
the right-hand sides of the system (1,4) and analytic in x and & in the domain of def-
inition of (1, 3), and the coefficients of the power series in p, #,....,23; are 2n-periodic
functions of # , In the following we shall set 2k -+ 1 = n, assuming that n is any nat-
ural number,

Let us suppose that a solution x,(#) of the unperturbed system (2,1) is known, i, e,

when & =0 dxo/d® = £ (8, xo; 0) 2.2)
Using the Poicare theorem [4] we shall seek a solution of (2, 1), for sufficiently small
e >0 , in the form -
X = 2 e'x, (§) @3)
V==

Subtracting the identity (2, 2) from (2,1) and using the Taylor expansion for a function
of two variables, we obtain

2 gm?’éﬂi=2 T (6x Z e, + 5 a) f®, x:: 0)
m=1 ve=1 m=1

Equating the coefficients of like powers of &, we obtain the following sequence of vector
differential equations (a complete system of parametric variational equations)
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d af of
@ =30+ (),

O (8] () (2 (25)

O (o) 5 () (w35 )y o

i1 ;0%
-+ %(—gg—)ammm o+ *;—(%)OX1X1+'§_(&%)OXI+T<T§)O

............................

dx of 1 [ o o
m
B = ax)o"m + 3 (ax-z )0 2 xa,xaﬁ(“““‘axag )n Xmy +
& -ag==m

{1, 1 9°of
+ T( ) 2 xa.xagxa,-F“‘Q‘”(m)o Dl KK+ (2.4)

P
ay+os - g=m Oyt gz —1

1 o3 1 [ 0%
+ T(—axaez )0 Xy + o+ (Waxs )0 DMox, x,, +
a,—{-...-{-xs::m
1 asf 7 a%f
+ — 4\! ( — ) X ...X —i—-__.._i......._ ——————) %
(e =1 ox*713e Jo @yt +§o—1=m—1 - fel (s — DI k ox*~oe! Jo
-y 1 a°f
X X, ..X + ...+ ( ) X
mx+.%{as—z =m—! o (s — Dt | axggs) J mmit Tt

1 [o™f 1 ame
+ W(Eﬁ')o“m + Ty ( ox™Tae )0"‘M+"‘ +

! om L 1 i S O S ks ¥
+ (m~l)!ll(axm—lael )Ox{" AR iy oy y1 (axae’"“l )0’“'*‘ m \Gem ),

Here the subscript ¢ indicates that the partial derivatives are taken at X, == x,(¥;and
e ={0; ay, Q... are natural numbers and we have the matrix

f1 E1

n
(f fore- E N X oz E
' AN fn \g'ﬁ-

The consecutive terms in (2, 4) must be treated as operators, e, g,

% X1X2 2{‘82{ [(%) xl]}x-z

If ¢ appears in (2,1) linearly, i,e, if (0, x; &) = g(#, x) + eh (¥, x),then (2.4)
becomes dx1 (Bg

7= -a—x-)oxi “+h (@, x0)

dx og\ . [ 1 (38
—F = (Tx’)oxm + {7 (Aax" )0 Dl Xy X+

=2 gyt ay=m

af;

9x T | g,

|

(2.5)
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1 e i 0
tam ), 3 mena] >0
oyt oty _y=m—1
Equations (2,4) and (2, 5) are integrated directly term by term only in the scalar case,
Poicare has shown [4] however that when the general integral of the unperturbed (i. e,
with & = () equation (2, 1) is known, then the process of integration of (2, 4) and (2, 5)
which may be of any order,is reduced to quadratures, ,
Indeed, let X, = X, (%, a) be the general integral of (2,1) with .6 = 0, where a is an
n-dimensional vector, Differentiating the identity (2, 2) with respect to a we obtain
4 (9% (af ) axo

ax

This implies that 9x, / da is the fundamental matrix of each of the homogeneous systems
of differential equations corresponding to (2, 4) or (2. 5). Then we can write the solution
of the first of the systems (2. 4) or (2. 5) with zero initial conditions x,(#;) = 0 in the
form

d (axo)

8
%o ;0x0\"1 /Of
n=5 () (7l @8

Since the solution x4 = x4 (§; a)is a general one, dx, / da is a nonsingular matrix,
For x,, (m > 1) we obtain formulas analogous to (2, 6),in which (df / 9e), appearing under
the integral sign is replaced with the inhomogeneous part of the corresponding system
(2.4) or (2, 5),

3, Example, Letus consider a plane spring pendulum of mass m on a weightless
spring of length / in the unstressed state, obeying the Hooke's Law, and of rigidity equal
to ¢ (see Fig, 1), Let z and y* = I 4+ A 4 y be the Cartesian coordinates of the mass

0 m counted from the point O of suspension, A = mg /¢
x /////////Mf denoting the static elongation of the spring, We choose

| the constant sum of the potential energy II ,the force
| of gravity and the elastic force of the spring in such
| a manner that it becomes zero at the position of static
/4'\ equilibrium, We then have

/ ¢ S
c \ H=_mgy+T[Vx-=+(z+x+y)a_z]“‘_
L7 g
c . m [;dz\2 Y \2
2 — =) ()]
Let us assume that the mass m is acted upon by an
R y additional reaction force A proportional to velocity,

Fig. 1 We denote by ® = V¢/ m the angular frequency

° of the vertical oscillations of the mass on the spring
and introduce the dimensionless time t = ®¢ as well as the coordinates ¥« = y / l and
v = z [ l. Then the equations of motion become

d2 1 d
U —{A T [T wR o 1) = — 28 (3.4)
d*

. ‘ d
W—Fﬁ;v—{v[d + 1 w4 o2 1:_,1,}=—253—$-

where Y = A /! and & = VY, b (¢cm)""/* are dimensionless parameters and the expansions
pa p
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of the expressions within the braces begin with the second order terms,
When ¢ = 0 we have the following energy integral:

1 R
T VIT Fie=p (3.2)
The Liapunov substitution
dujde =pcos ¥, u=psin®, v = pz1, dv/dt = pny 3.3)

reduces the perturbed system (3,1) and the integral (3, 2) of the unperturbed system, to
the form (1, 4) and (1. 5)
dp/d® = A (U cos & — 2e0 cos? §)
dz1fd® = A (32 ~— 21971 cos & + 2821 cos? ) (3.4)
% = A1+ 7 s — 50 co3 @ + pV — 2ez5 sin’ 3]
A={1—p1Usin$ -} gsin 2¢)-1

U= — 2“(13;:—27)— +0%, Ve — %ﬁ%‘l -+ O (p%
92[1 + 1—:_'731? + 2%+ pS (B p, 21, 23) | =2 (3.5)
where the condition (1, 3).is presumed to hold, i.e,
LbYa(l 4120z sin® + esin 28 4+ 0 (0) >0 (3.6)
The unperturbed system (3,4) (i.e. with e = 0) admits the generating solution [3]
Pol®; i, M, N) = pK ™+ 0 (u2), 2°(8; 1, M, N) = L(®) + O (w) 3.7

z‘lc (ﬁv W, M! N) = Ll(\‘)) + 0(“’)

i :
K:.—i_;_gz(Mz..}_Ne),g:]/T_%T— (g:#-a—), L (8) = M cos g& + N sin g&

£ 13
b Zlq \ a = M
N

This solution, as was shown in [3]is az:general solution for all v except y = 1/3 {¢ =
= 1/2). Let us compute the elements of (2, 6)
K™t 0 () — MK~ p 4 O @) — 2NK™ P p -0 ()
® _lo®+om csgptow  singd+ow
PO +0@ —gsingd4+0@ goosgd+OW
To compute the inverse matrix we shall simplify the result somewhat by setting ¢(8) =
= P{8) = v, Then we have
1 || K7 HO® @KTL@) k0@ KOO 40 ()
(73—) = 0 (W) cos gl - O (W) —g~1sin g 4 O(p)
0w sin g& - O (w) g lcos gl 4- O (W)
The vector (3f / d¢),, where f is the vector of the right-hand sides of (3,4) and the sub~
script ¢ denotes the substitution of & = 0 and of the generating solution (3,7), is
5t ! — 2uK i cos? B + O ()
(36 )o= ( 2L (©) cos® B — L' (9) sin 20 + O (1)
— 2L’ (§) sin? © -} g2L (§) sin 20 -+ O(p)
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Let us set in (2,6) ¢, = 0. By (3, 3) this means that at the initial instant T = O we
have #(0) = 0. Omitting the obvious calculations performed in accordance with (2, 6)
we shall write out the first two components of the vector x,(9; p, M, N) of the first co-

rrection . 1
o1 (8; p, M, Ny = —pK~": (.& - sin 2{)) 10

M 1
z1l (8 n, M,N)=—g—sing1‘}+TMsin20cosgﬁ+

1
4 gM sin? ¢ sin g0 — 5" N sin 20 sin g& — gV sin29 cos g& + O (u)
It remains to integrate the equation for ¢ [3], and this gives
=980 =1+ esin®t+ 0 (u) + ...
Here the dots denote the second order terms in*p and &, Finally we obtain the solution
of (3,1) for the case u»(0) = 0 in the form
u = (py + &py)sin® 4 O(e?)

v == poz1® -+ £(poz1’ + p121°) + O(e?)

The constants p (initial value of the energy (3,2)) M and N are found from the initial

conditions z(0), z (0) and y' (0). The inequality (3,6) defines the bounds for & and the
interval of variation of 7 has the order of O (1/ g).
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